Introduction
Belt drive systems are used in numerous applications to transmit power from driving motors to driven devices. In a typical automobile, belts are used to drive: power steering, air conditioning and alternator units. These systems also exist in washing machines, clothes dryers, refrigerators, vacuum cleaners and magnetic tape drive machines. Reynolds ͓1͔ seems to be the first to correctly explain slipping in belt drive systems, and a comprehensive review up until 1981 of papers on chain and belt drives has been performed by Fawcett ͓2͔ . Here, attention is focused on the creep theory of belts which is applicable to belts that are extensible. However, an alternative shear theory of belts has been considered by Firbank ͓3͔ and Gerbert ͓4͔ which will not be discussed in this paper. Figure 1 shows the i'th and the ͑iϪ1͒'th pulleys in a typical belt drive system with N pulleys ͑iϭ1,2, . . . N͒. For definiteness, the last pulley ͑iϭN͒ is taken to be the driver pulley and the other pulleys ͑iϽN͒ are driven pulleys. According to Reynolds ͓1͔, the tension is high at the entrance to a driver pulley, the tension is low at its exit, and slipping occurs in its exit region where the belt contracts. Also, the tension is low at the entrance to a driven pulley, the tension is high at its exit, and slipping occurs in its exit region where the belt extends.
In this present paper, the i'th pulley has radius r i , contact angle ␣ i , slip angle i , angular velocity i ͑in the counterclockwise direction͒, friction coefficient i , and the moment M i is applied to it in the counterclockwise direction. Also, L fi is the stretched length and T i is the tension in the free section of the belt that enters the i'th pulley ͑see Fig. 1͒ . Therefore, the tensions in these free sections are ordered so that T 1 рT 2 р . . . рT N .
(
When the system is at rest with no moments applied to any of the pulleys, the pretension in the belt is uniform with value T p . In order to properly design such a belt drive system, it is necessary to have formulas which connect and determine the parameters
as well as determine the power loss of the whole system due to frictional slipping. Here, the belt is modeled as an extensible elastic string and the steady equations of motion of the string are solved exactly, including the effects of elastic extension, Coulomb friction, and tangential and radial accelerations. However, as with most other solutions, the one presented here ignores the complicated phenomena that occur at the entrance and exit regions of each pulley where the belt transitions from circular to straight motion.
An outline of this paper is as follows. Section 2 describes the nonlinear equations for an extensible string, and section 3 presents the exact solutions for steady motion of the belt on the driver pulley and driven pulleys. Section 4 presents an analysis of a multipulley belt drive system, including the correct formulation of the compatibility condition that ensures that the same belt is being considered for all applied moments and belt speeds. Finally, section 5 presents a discussion of the equations and an analysis of a two pulley system.
Nonlinear Equations of an Extensible Elastic String
The nonlinear equations of motion of an extensible elastic string have been recorded by Narasimha ͓5͔ and Antman ͓6͔. These equations can also be obtained using the theory of a Cosserat rod ͓7,8͔ by considering a restricted theory where the influence of the directors is ignored and only the conservation of mass and the balances of linear and angular momentum are retained.
For the string model, the vector x͑X,t͒ denotes the location of a material point X in the present configuration at time t. Also, the absolute velocity v, the tangent vector d and the stretch d are defined by where a superposed dot denotes material time differentiation holding X fixed. For simplicity, the coordinate X is specified as the arclength coordinate in a tension-free fixed reference configuration so that d and d are unitless. Within the context of the Cosserat approach, the local forms of the balances of linear and angular momentum, respectively, can be written as
where 0 * is the constant mass per unit volume of the string material in its stress-free reference configuration, A is the value of the area of the string's uniform cross-section in its reference configuration, b is the assigned force per unit mass due to body force and tractions on the lateral surface of the string, and t is the force acting on the end of the string ͑with outward normal in the positive X direction͒. Due to the balance of angular momentum (4) 2 it follows that the force t acts only in the tangential direction so that it can be related to the tension T by the expression
To develop a general elastic constitutive equation for the string, the balance of linear momentum can be multiplied by v and integrated over an arbitrary material region ͑X 1 рXрX 2 ͒ to deduce an energy theorem which states that the rate of change of strain energy U, plus the rate of change of kinetic energy K, is equal to the rate of external work W done on the string
where U, K and W are defined by
Wϭ ͵ and ⌺ is the strain energy function per unit mass. In developing this theorem use has been made of the assumption that for an elastic material the mechanical power is equal to the rate of change of the strain energy such that
Consequently, it follows from ͑3͒, ͑5͒ and ͑8͒ that the tension T is given by
Moreover, for linear dependence of the tension on the stretch it can be shown that
where E is Young's modulus of elasticity, and d p is the stretch associated with the pretension T p .
Exact Solutions for the Driver Pulley and the Driven Pulleys
Following the work of Nordenholz and O'Reilly ͓9͔ for steady motion of a belt, the position vector of the string is taken to be a function of the variable Xϩct. where c is a constant speed. Specifically, the position vector on the i'th pulley is taken in the form
where i is an Eulerian variable and use is made of a cylindrical polar coordinate system with base vectors ͕e r ,e ,e 3 ͖. The speed c will be related later ͓see Eqs. ͑23͔͒ to the angular velocity of each pulley. Now, with the help of this position vector it follows that
where a prime denotes differentiation with respect to i
In the absence of gravity, the assigned force b is due to the normal force N and the friction force F applied to the belt such that 0 *AbϭNe r ϩFe ,
where each of these forces is measured per unit reference length dX. Thus, substituting ͑5͒, ͑12͒ and ͑14͒ into the equation of motion (4) Depending on the specified parameters, the belt can have a region where the tension remains constant ͑with i Ͻ␣ i ͒ or the belt can slip over the entire contact region of the pulley ͑with i ϭ␣ i ͒. In either case, the boundary values associated with the slip region can be summarized in the forms
where the beginning of the slip region is denoted by a subscript A and the end of the slip region is denoted by a subscript B ͑see Fig.  1͒ so that the slip angle i is given by
According to Reynolds ͓1͔, the belt contracts in the slip region of the driver pulley and it extends in the slip region of the driven pulley. Since friction resists relative motion, it follows that Coulomb friction in the slip region yields the condition that
where the constants ␥ i are introduced for convenience to distinguish between driver and driven pulleys
␥ i ϭ1 for the driver pulley ͑iϭN͒, and throughout the text the usual summation convention over repeated indices is suspended. Next, using (10) 2 and (15) 2 , the moment M i applied to the i'th pulley is given by the integral
where ␤ is a convenient normalized measure of the velocity defined by
In order for the formulas ͑11͒-͑20͒ to be valid for the driver pulley (iϭN) as well as the driven pulleys (iϽN) it is necessary 312 Õ Vol. 122, SEPTEMBER 2000
Transactions of the ASME to relate the tension T Nϩ1 and the stretch d Nϩ1 in the belt at the exist of the driver pulley to the values d 1 and T 1 in the belt at the entrance of the driven pulley ͑iϭ1͒ by the formulas
Thus, with the help of the conditions ͑1͒, it follows from ͑20͒ that M N is positive on the driver pulley and M i are negative and represent drag moments on the driven pulleys. Moreover, in view of the kinematics ͑12͒ and the fact that the belt does not slip at the entrance to each pulley, it follows that the angular velocity i of the i'th pulley is given by i ϭ i e 3 , i ϭ cd i r i .
Next, using ͑10͒-͑12͒ and ͑21͒, the equilibrium Eq. ͑15͒ can be rewritten in the normalized forms
so that the friction condition ͑18͒ yields the equation
which can be rewritten in the form
Now, this equation can be integrated using the boundary condition (16) 1 at the entrance to the slip region to obtain
Next, introducing the alternative variable u by
Eq. (27) 2 can be rewritten in the form
which can also be integrated using ͑16͒ to deduce that
It then follows by evaluating (11) 3 , (12) 4 , ͑27͒, ͑28͒ and ͑30͒ at Bi and using ͑17͒, that
where L Rsi is the tension-free reference length of the section of the belt that is slipping on the i'th pulley.
To analyze the power loss due to friction, it is noted that the mechanical power P bi applied by the i'th pulley on the belt is given by
where use has been made of the result (24) 2 . Moreover, since the pulley is a rigid body rotating with constant angular velocity, the power P i applied by the driver motor or driven device on the pulley is given by
where use has been made of the results ͑20͒ and ͑23͒. Thus, the power loss P Li associated with the i'th pulley becomes
Analysis of the Belt Drive System-the Compatibility Condition
In order to complete the formulation of the belt drive system, it is necessary use the compatibility condition that was suggested by Leamy et al. ͓10͔ . This condition requires the tensions to be adjusted so that the tension-free reference length L R of the belt remains the same for any set of applied moments and angular velocities. Since L fi is the stretched length of the free section of the belt that enters the i'th pulley, it follows that the total length L p of the pretensioned belt system is determined by only geometry through the equation
Moreover, since d p in ͑10͒ is the stretch in the pretensioned system it follows that
Next, the tensioned length L Ti and the tension-free reference length L RTi of the section of the belt that is at constant tension T i and stretch d i , are given by the formulas
where r i ͑␣ i Ϫ i ͒ is the portion of the i'th pulley that is at constant tension T i . Since the exact solution in the previous section includes an expression (31) 2 for the tension-free reference length L Rsi of the section of the belt that is slipping on the i'th pulley, the compatibility condition becomes
Now the main equations ͓(10) 3 ,(19) 1 ,(19) 2 , (22) 2 ,(21), (16) 5 ,(20) 2 ,(23) 2 ,(31) 1 ,(38)] describing the multipulley belt drive system can be summarized as 
where use has been made of (31) 2 , ͑36͒ and ͑37͒. Once the geometry of the belt system ͕r i ,L fi ͖, the properties of the belt ͕E, A, 0 * , i ͖, and the pretension ͕T p ͖ have been specified, the Eqs. ͑39͒
determine the physical quantities ͑2͒ in terms of only Nϩ1 unknowns
Moreover, the compatibility condition ͑40͒ places one restriction on the values ͑41͒. Therefore, it is necessary to specify N independent quantities in order to obtain a solution of the belt drive system. For example, it is possible to specify the drag moments applied to the driven pulleys M i (iϽN) and the angular velocity N of the driver pulley. Then, the compatibility condition ͑40͒ is used to determine the moment M N applied to the driver pulley. Also, the resulting solution ceases to be valid when any one of the pulleys first experiences full slip over its angle of contact. Thus, the solution requires each of the pulleys to satisfy the condition that i р␣ i .
Next, the total power loss P L due to the system of pulleys can be calculated using the expressions ͑34͒ to obtain
у0.
Moreover, with the help of ͑32͒ and (39) 4 , it can be seen that the total mechanical power P b applied to the belt by the pulleys vanishes
The result ͑44͒ is consistent with the fact that the belt is a closed loop in steady motion, so that the total kinetic energy K, and total strain energy U both remain constant. This means that the energy Eq. ͑6͒ predicts that the total rate of work W applied to the belt must vanish.
Furthermore, with the help of ͑33͒ and ͑43͒, the efficiency of the belt drive system can be expressed in the form
where P N is the power supplied by driver motor on the driver pulley.
Discussion
Since the analysis presented in the previous sections is exact, it is of interest to use the results to explore the validity of the main equations for belt drive systems that appear in the literature. Standard equations for: the tensions ͕see Eq. ͑17-9͒ in ͓11͔͖: the moments ͕see the equation just above Eq. ͑11͒ in ͓12͔͖: and the power losses ͕see Eqs. ͑11͒ and ͑12͒ in ͓12͔͖ can be written in terms of the variables defined here by the expressions
where ␥ i is defined by ͑19͒ and d i are taken to be unity in the expressions for i in ͑39͒ ͕which is consistent with Eqs. ͑8͒ and ͑9͒ in ͓12͔͖. Moreover, the Eqs. ͑34͒ and ͑39͒ can be used to obtain the exact results
Since ␤ remains close to unity it follows that the approximate results ͑46͒ are close to the exact results ͑47͒. The standard compatibility condition for a two-pulley system ͕see Eq. ͑17-10͒ in ͓11͔͖ can be rewritten as
Moreover, a generalized version of this compatibility condition has been developed by Alciatore and Traver ͓13͔. Using the notation of the present development, the main idea proposed in ͓13͔ assumes that half of the slipping region on the i'th pulley is at tension T i and the other half is at tension T iϩ1 . Consequently, this assumption requires the tension-free reference length in the slipping region to be approximated by the equation
instead of the exact result (31) 2 . Next, using ͑37͒ and ͑49͒ it follows that the approximate compatibility equation becomes
Now, for small tensions the stretches d p and d i can be approximated by
and ͑50͒ can be linearized to deduce that
which is equivalent to the compatibility condition developed by Alciatore and Traver ͕see Eq. ͑7͒ in ͓13͔ which is associated with the assumption on active angles͖. Also it is noted that in ͑52͒ use has been made of the notation
In order to quantify the difference between the exact solution, and the previous approximate solutions, it is convenient to consider the example of a two pulley system with the same friction coefficient ( 1 ϭ 2 ϭ) for each of the pulleys. Figure 2 shows such a system where the centers of the pulleys are separated by the distance W, the free lengths are equal (L f1 ϭL f2 ϭL f ), and the driver pulley is smaller than the driven pulley (r 2 Ͻr 1 ). Simple geometry can be used to deduce that for this pulley system L f ϭW cos ⌰, ␣ 1 ϭϩ2⌰,
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and ␤, T i , M i and i are defined by ͑39͒ and the efficiency is determined by ͑45͒. Moreover, the slip angle , and the efficiency ͕see Eq. ͑15͒ in ͓12͔ ͖ associated with the approximate Eqs. ͑46͒
and M i are defined by (46) 2 . In the following, the solution ͑Ap-prox 1͒ uses ͑56͒ and the compatibility condition ͑48͒, whereas the solution ͑Approx 2͒ uses ͑56͒ and the equations
associated with the compatibility condition ͑52͒. With the help of these expressions it can easily be seen that if the pulleys have the same radius, then the compatibility condition ͑57͒ becomes identical to ͑48͒.
Since the driver pulley is smaller than the driven pulley, full slip occurs first on the driver pulley when ϭ␣ 2 so that the exact solution yields
It then follows that the compatibility Eq. (55) 3 and the slip condition ͑58͒ are both satisfied when the speed c attains the critical value c cr for which
Under these conditions, the tension in the belt is uniform and the belt speed is so great that the belt loses contact with the driver pulley. Moreover, for the example considered below, it is convenient to define the normalized speed C and the normalized value M max of the maximum moment ͑for full slip͒ that can be transmitted to the driven pulley by the expressions Next, consider the specific example of a two pulley system which is specified by ͓see Fig. 2͔ r 1 ϭ0.05 m, r 2 ϭ0.01 m, Wϭ0.10 m, T p ϭ800 N, (62) 0 *Aϭ0.0056 kg/m, EAϭ40 kN, where the values of 0 *A and EA correspond the steel belt considered in ͓12͔. Also, with the help of (39) 5 and (39) 8 , the critical speed c cr and the angular velocities of the pulleys at that critical speed become c cr ϭ374 m/s, 1 ϭ7.29ϫ10 4 rpm, 2 ϭ3.65ϫ10 5 rpm.
Figures 3 and 4 show the main design parameters predicted for full slip (ϭ␣ 2 ) and for the full range of speeds ͓0рCр1͔, with ϭ0.5 and ϭ1.0, respectively. Since the critical speeds ͑63͒ are so high, most devices are associated with low values of C where the differences between the solutions are the greatest. From these figures is can be observed that the modified compatibility condition introduced in ͓13͔ causes Approx 2 to be a better solution than Approx 1. However, it can be seen that both approximate solutions: underpredict the maximum transmitted moment M max : overpredict the efficiency : and underpredict both the low value T 1 and the high value T 2 of the tension. Also, it is observed that the errors predicted by the approximate solutions increase with increased friction.
